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Abstract 
The scattering of a time harmonic acoustic wave by an army of N identical baffied 
membranes is considered in the limit as N ----+ x. The method of matched asymptotic 
expansions is used to construct an inner and outer expansion: the inner expansion contains 
the physics of the local periodic structure and the outer expansion has the proper behavior 
in the far-field. The niatching process is used to determine a set of unknown coefficients 
in the analysis and the result is a far-field pattern for the structure which blends the 
physics of both expansions. In particular. the far-field pattern is highly localized about 
the Dragg or mode angles of the inner representation. The maximum value of this function 
is directly proportional to the reftection coefficient determined numerically from the inner 
probleni. Several nunicrical exan1ples arc presented illustrating these features. Moreover, 
it is observed that the a .. '-lyrnptotic theory agrees quite well with the exact answer (obtained 
by using a finite difference scheme) when N = 3. 
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1. Introduction 
Recently the problem of time hannonic acoustic wave scattering from a periodic array 
of baffled membranes has been analyzed using both approximate and numerical methods 
[1]. This mechanical structure is in some sense a crude approximation of a large finite 
array which in turn models a simple acoustic antenna. The approximation breaks dow1L 
of course. in the far field where the acoustic field of the periodic array is represented by a 
finite nmnbcr M of plane waves propagating along certain modal angles ri, i = 1, 2, ... M; 
whereas the far field for a finite array is given by an outgoing cylindrical (spherical) wave 
in two-dimensions (three-dimensions). 
The problem considered in this paper is acoustic scattering from an array of N baffled 
membranes. An asyn1ptotic theory, which is an extension of work done on gratings and 
corrugated surfaces [2,3]. will be presented in the limit as N --+ 'XJ. Specifically. it makes use 
of the nicthod of nrntched asymptotic expansions [4] to obtain inner and outer expansions. 
The inner expansion is basically the result of an infinite array of periodica1ly spaced baffled 
membranes whose solution is found by one of the approximate methods presented in [1]. 
It does not behave properly in the far field. The outer expansion is constructed to have 
the proper far field behavior, but it does not satisfy the boundary conditions along the 
membranes. The outer solution involves unknown coefficients which arc determined by 
matching to the inner expansion. 
The results of the inner and outer expansions are blended in a physically illuminating 
manner in the resulting differential cross section. This function is highly localized around 
the modal angles r i with beam-widths of 0( 1/ N) and amplitudes of O(N). Thus, the 
large array scatters energy in the same directions a .. '-J a periodic array. but still possesses 
the correct outgoing form at infinity. What is truly remarkable about the result is that 
it seems to remain valid for relatively small N; finite difference calculations of the array 
scattering problem with N = 3 are remarkably close to the asymptotic results of N --+ x. 
The remainder of the paper will now be outlined. The scattering problem is for-
mulated in Section 2 for an array of N baffled n1embrancs. Then in Section 3 an inner 
expansion is developed while in Section 4, the outer is constructed. The matching of these 
two approximations is carried out and the construction of the scattering cross section is 
constructed in Section 5. Finally~ several numerical examples are presented and discussed 
in Section 6. 
2. Formulation 
A large array of N identical membranes strips. each of length A and separated by a 
fixed spacing B , is held in place by an acoustically rigid baffle. The array occupies that 
portion of the line y' = 0 given by - L / 2 < :z:' < L /2 and the remaining portion of the 
axis is an acoustically rigid baffte. The configuration is sketched in Figure 1. Above the 
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array is a homogeneous and isotropic acoustic fiuid and below it a vacuum. The battled 
structure is insonified by a plane time harmonic pressure wave of radial frequency w. In 
dimensionless variables :r = ( :z:, y), the equation governing the pressure in the fiuid is 
\72 I' + J,;2 I' = 0 (1) 
where k = wA/ Ca and Ca is the sound speed in the fiuid. The spatial variables were made 
dimensionless by scaling with respect to A. 
The equation for the lateral displacement of the _;th membrane after scaling is 
d2W: 
- .7 + .,2 ,~.2w. _ f .. 21.2P(x ()· /·) Jx2 C /\. .7 - .C " ''. ' " '. x E Dj j = L2'. ... N (2) 
where the dimensionless parameters c and f. arc ratios of fluid to rnernhranc wave speeds 
( c,j Cm) and densities (Pu.A / Pm) respectively. The nj denote the set of points occupied 
by the lh mernhranc. The ratio of pressure to nicmhranc displacement. scale factors is 
Aw2 Pa· 
The presence of the acoustically hard battle introduces the boundary condition 
DP 
-8 (:D,0) = 0, :D ~ n y (3a) 
where n is that portion of the plane occupied by the battles'. while fixing the membranes' 
endpoints on the battle requires 
j=l,2, ... N (3b) 
where Dnj denotes the end points of the jth mernhranc. 
Equating the time harmonic normal velocities of the fiuid and membrane at their 
points of contact yields 
(4) 
The plane incident. time harmonic pressure P 1 is a solution of ( 1) and is given by 
(5) 
where 8 I is the angle the incident. wave makes with the positive X axis and the time 
dependence is assumed to be e-iwt. If the line y = 0 were entirely rigid'. then the incident 
wave would be refiected as P 1 (x'. -y'. k). Accordingly'. the total pressure is decomposed as 
(6) 
where the effect of the army is manifest in p'. the scattered field. 
Inserting ( 6) into ( 1)-(4) it is found that p satisfies 
(7a) 
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The formulation of the scattering problem is finally completed by requiring p to satisfy 
the radiation condition 
Dp ~--
- + {ik: - 1/2r}p --+ 0, r = J:i;2 + y2 --+ ;XJ. Dr (7c) 
It should be noted here that the ends of the baffled membrane array are now at the points 
;z; = ±L/ 2A in terms of the dimensionless variable :z:. 
3. The Inner Problem; the Periodic Structure 
As indicated in the introduction the limit of interest here is N --+ x which is equivalent 
to L /A --+ ;x, . Thus to first order of approximation, the endpoints of the array arc 
:J: = ±L /2A ,..._, ±x and the structure is a periodic array of baffled membranes of period 
a = (A+ B) /2A. According to Floquct. theory [5], the pressure above this periodic structure 
is given by 
-ex:.· 
/Jn = Vk2 - /n 2 




where the term -/.;,cos (~) 1 present in the definition of /n is a result of the form of the incident 
plane wave and where the an are the reflection coefficients which are to be determined. 
It is assumed that k is restricted so that only G + K modes arc propagating, namely, 
n = -G, .... , -2, -L 0, L 2, .... K. [The propagating modes arc those terms in (8a) for which 
the fln arc real and the evanescent modes arc those for which they arc purely inrnginary.] 
The solution (8a,b,c) represents a finite number of plane waves as r--+ x and so does not 
satisfy the outgoing radiation condition ( 7 e). However, the character of these outgoing 
waves can be used to construct a radiation boundary operator which can be numerically 
implemented along with a finite difference approximation of the boundary value problen1 
( 1)-(7) to construct an accurate approximation of the solution [1]. These nunicrical results 
can then he used to approxinrntcly determine the reflection coefficients an. 
Finally, as noted above, the structure of the pressure given hy (8a) in the far field 
does not behave as an outgoing cylindrical wave and so a new expansion for p must be 
determined in this region. 
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4. The Outer Solution 
To initiate the study of the outer expansion, outer variables scaled on the length L 
( ) ( :1:' . 1/) - ( ·-must be introduced. They a.re X, Y = L.. = (:z:, :i;)c) and <I> X, Y, ()) = p( :z:, y) where 
8 = A / L. Inserting them into (7a.). the second pa.rt of (7b). and (7e) it is found that <I> 
satisfies 
a2 D2 k2 
(-+-)<I>+ -<P = o 1x1<1;2. Y > o DX2 DY2 c52 ' (9) 
a<P 
DY = (L IXI > 1/2'. y = 0 (10) 
a<P ;1,; 1 
- + ~<P +-<I>,......, 0, R = r/S---+ ·X·. DR c) 2R ( 11) 
In this sea.ling all the fine structure of the individual membranes has been smeared out 
along the line Y = 0, IXI < 1/ 2 so that the representation (12) is only valid away from 
the membrane array. This is similar to the outer problem described in [2'.3] so its solution 
and matching will only be briefly described here. 
A general solution to the homogeneous problem (9)-(11) is given by 
( 12a.) 
p = J ( x - t )2 + y2 (12b) 
where /·m is defined in (8c) and Hr\1) is the Hankel function of the first kind and oth 
order. Physically ea.ch term of this solution is a superposition of weighted monopoles 
whose amplitudes bm(t. 6) arc unknown at this point of the analysis. and whose phases arc 
prescribed by the exponential term in the integrand in (12a). The reason for this specific 
choice is the required matching of the inner and outer representations of the solution (sec 
[2] for details). 
In the far field ( 8 fixed and R ---+ oo) <I> simplifies to 
A( /] _)exp(ikR./ c5) <I>,......, u,o 
' yfRfe (13a) 
A((}, 6) = . f2c-i7r /4 f ;·1/2 bm(t. 6)cibm-kcos B)t/fi rlt 
v rl -x. -1/2 (13h) 
and hence satisfies the radiation condition (11). The function A(e. 6) is the differential 
scattering cross section and its determination will he cmnplctc when the modal coefficients 
bm(t, 6) arc determined. 
An asymptotic approximation to (12) in the limit as 8 ---+ 0 with (X'. Y) fixed is 
obtained by first replacing the Hankel function in (12a.) by the first term in its asymptotic 
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expansion for large argument and then applying the method of stationary phase [6] to the 
resulting expression. The result is 
K 
<I> rv 26 2= +-bm(t*, 6)ci(r,,,X+{J,,, Y)/c5 + 0( 6312 ) 
-G f m 
(14a) 
(14b) 
where f3m is given in (Sb) and the sum runs from -G to K so that flm is purely imaginary 
outside this range. The term 0 ( 6312 ) represents the next term in the stationary pha .. '-Je result 
and the evanescent modes have been neglected from ( 14a) because their contribution is 
exponentially small as r5 ---+ 0. 
If t;n is not in the interval ( -1 /2, 1 /2) for a given nL then the corresponding term 
in the sum, (14a) : is omitted and is incorporated into the error term, 0(6312 ). This has 
an interesting geometrical interpretation which will now be described. Defining the modal 
angler m by 
(15) 
the constraint on t~ defines a beam-like region Drn = [(Xl Y) : -1/2 < x - IYI/ tan e.,,l < 
1/2]. For a point (Xl Y) contained in none of the D7 the entire sum is absent in (14a) 
because all three terms are 0(8312 ). If the point is contained in one or more of the region 
Dj, then the corresponding terms arc present in (14a). Finally, we observe that as IYI--+ 0 
with -1/ 2 < X < 1/2 the point (X, Y) is contained in the intersection of all the Dj and 
consequently all the terms arc present in ( 14a). 
5. Matching and the Determination of the Scattered Field 
The principal of matching [4] assumes that there exists a region near the surface where 
both the large x and ii expansion of (Sa) and the small X and Y expansion of (14a) are 
simultaneously valid. Let ting :z; and ii be large in (Sa) and noting that the evanescent 
terms bccmnc exponentially small yields 
K 
p = l::amexp(i/i,nil)exp(ifrn:z:). 
-G 
(16) 
Letting Y---+ 0 with -1/2 < X < 1/2 gives precisely (14a) with all the terms present in 
the finite sum, as explained in the previous section. Recalling the definitions of /rn• X, Y, xl 
and ii· we see that (16) and (14a) agree when 
l (t* )-) _ fJmJl,m ),,n ' ( - 2(5 . ( 17) 
From this result we see that b,,,(t, (5) is a constant that is proportional to the known 
reflection coefficient from the inner problem. 
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Inserting ( 17) into ( 13b) and carrying out the simple integration we find that the 
differential scattering cross section is given by 
( 18a.) 
where frn is defined in (15). We note that A(B,8) takes on locally maximum values when 
f) = rm and these in term correspond to the beam-like waves emitted from the infinite 
structure. In fact the maxinnnn is given by 
A(r ') - ~  '.) ,-i7r/4[ ()( ')] fn'. () - _. ' 1. jJ.,nt· a.,n + () . 
" 27rr;: 
(18b) 
Equation ( 18a.) combines information from both the periodic (i.e., the a.m) and the large 
finite problems. 
6. Examples and Observations 
The results of the previous sections will now be given for several specific bafficd struc-
tun~s. In all cases the scaled spacing between mc111brancs is 1/2, so that a = L and the 
incident angle of the incoming plane wave is (-) 1 = 27r /3. And in each case the respective 
inner problem is solved using the numerical technique mentioned in Section 3 and fully 
described in [1]. 
In the first problem the scaled wavenumber k = 7r so that the frequency of the incident 
wave docs not correspond to any cut off frequencies, i.e .. the propagation constants /Jn arc 
never Y:cro. For this case the following an arc found: a_1 = 0.00918 and ao = 0.0172. 
Using these numbers in ( 18a) along with N = 20 gives the differential cross section shown 
in Figure 2a. For the case of N = 10 the coefficients an remain unchanged'. since both 
cases have identical inner problems. The only difference in equation ( 18a.) is that N is 
now 10 which yields a. different value for 8. The results of this calculation a.re shown in 
Figure 2b where the difference between the two cases is due, in part, to the ''Dirichlet" 
kernel in equation ( 18a) acting more and more like a delta function. That is, the cross 
section for N = 20 has sharper local maxinia at the modal angles r n than for the case 
N = 10. MoreoveL the local maxima for the case N = 20 a.re twice as large as for the case 
N = 10 because these values are O(N). The result for N = 3 is shown in Figure 3 by the 
dashed curve. Although this result does not satisfy the basic hypothesis of the asymptotic 
method employed here, N > > 1, the results arc none the less close to the '.'.exact" answer 
computed by a slight extension of the finite difference scheme presented in [7] (solid curve 
in Figure 3). 
The second case considered has k = 27r which corresponds to the cut off frequency 
where P1 = 0. For this problem, the following an a.re found; a_2 = 0.32922, a_ 1 = 0.36764, 
and a0 = 0.33868. Using these numbers in (18a.) along with N = 20 gives the differential 
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cross section shown in Figure 4a. This cross section is an order of magnitude larger than 
the case of k = 7r which indicates the near resonant condition. For the case of N = 10 
membranes the coefficients an again remain unchanged and the only difference in equation 
( 18a) is the corresponding value of S. The results of this calculation are shown in Figure 4b 
where the difference between the two cases is again due, in part. to the "Dirichlet" kernel 
in equation ( 18a). The results arc again more locali11cd for the larger value of N showing a 
series of three sharp local maxinia at the n10dal angles rm; again these arc twice as large 
for N = 20 than N = 10. The results for N = 3 are shown in Figure 5 where they are 
again close to the exact answer. 
Finally: the results for k = 37r are shown in Figures Ga and 6b for N = 20 and N = 10: 
respectively. Since for this value of k there are no modes at cut off, the amplitude of the 
cross section is comparable to that of the first case considered. Moreover: the trends of 
locali11ation and amplification for larger values of N continue and the positions of the 
maxima rcniain at the angles rm. And finally, the case for N = 3 is shown in Figure 7 
where it again remains close to the exact answer. 
The results for higher values of J.; can be computed in the same fashion, hut at some 
point the computational burden of determining the coefficients an in the inner problem will 
become prohibitive. For these frequencies other methods will have to be developed and 
employed. At the other encl of the spectrum where k is small, other approximate methods 
more efficient than the numerical method described in [1] can be used to determine the 
solution to the inner problem. But in either case the method presented above should 
continue to give an accurate description of the scattering physics. 
7. Conclusions 
The scattering of a time harmonic acoustic wave by an army of N identical baffied 
membranes has been analyzed in the limit as N --+ x. The method of matched asymptotic 
expansions has been used to construct inner and outer expansions; the inner expansion 
contains the physics of the local periodic structure and the outer expansion embodies the 
the physics of the finite structure. The matching process ha .. '-J been used to determine a set of 
unknown coefficients in the outer expansion. The outer expansion then produces a far-field 
pattern for the structure which blends the physics of both expansions. In particular, the far-
fielcl pattern is highly localized about the Dragg or mode angles of the inner representation. 
The maxinmm value of this function is directly proportional to the reflection coefficient 
detennincd nmncrically frmn the inner problem and to the number of clements in the 
array, N. Several nmncrical examples have been presented to illustrate these features. 
Moreover, it was observed that the asymptotic theory agrees quite well with the exact 
answer (obtained by using a finite difference scheme) when N = 3. This additional bonus 
is quite common in asymptotic analyses where approximate formulae often give reasonable 
results in parameter regimes (e.g.: geometrical acoustics often gives accurate results for 
moderate frequencies) where they arc not valid. 
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Figure captions 
Figure 1. Configuration of the scattering problem and the large army of fiuid loaded 
baffiecl membranes. 
Figure 2a. The differential scattering cross section for the case of N=20, k 27f. 
(~)I = 27f /3, f = 0.2, c = 0.5, and a = 1.0. 
Figure 2b. Sarne as Figure 2a except N =10. 
Figure 3. The differential cross section for the case N=3. The dashed curve is a result 
of applying the asymptotic formula (eq. 18a) , while the solid curve is the result of a finite 
difference calculation. 
Figure 4a. Same as Figure 2a except k = 27f. 
Figure 4b. Same as Figure 4a except N = 10. 
Figure 5. Sarne a .. '-J Figure 3 except k = 27f. 
Figure 6a. Same as Figure 2a except k = 37f. 
Figure 6b. Same as Figure Ga except N = 10. 
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Figure 7. Sane as Figure 3 except k = 3n. 
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